Using numerical methods we construct evaluation formulas for the Jacobi θ4 functions. Our results are conjectures, but are verified numerically.
Introduction
Let K(x) be the complete elliptic integral of the first kind
and k r , the elliptic singular modulus, solution of the equation
When r is positive rational the function k r take algebraic values. The 4th-Jacobian theta function is given by
where |q| < 1 and z ∈ C. Avoiding this definition we will use the equivalent notation 
and we shall restrict to the case of a positive rational and b general rational. In [Bag,Glas] we have shown that if |q| < 1 and A(a, p; q) := q 
where η is the Dedekind-Ramanujan eta function
The above equality (6) is simple consequence of the Jacobi triple product formula (see [2] ).
Conjecture
Having define what we need we state our
r with r > 0, then for a, p rationals and p > 0 there always exist algebraic function Q(x), 0 < x < 1, such that
Some verifications (proofs) of the above conjecture have given in [8] for the case of theta functions of the form
Moreover it has been shown that:
where
, k 22 = 1 − k 2 21 and in view of the evaluation formula (see [8] ):
8/3
Examples of the above conjecture can also be found if we consider the function
which, is the inverse function of the singular modulus k r . Our method consist of inserting the value r = k i m n , where 0 < m < n, m, n integers into the form A(a, p; q) and get numerically, using the routine RootApproximant of the program Mathematica, a minimal polynomial which is esentialy the value of an algebraic number. This lead us to conclude that beneath (any theta function) exists minimal polynomials with coefficients rational polynomials of k r (in all cases if Conjecture holds) and for fixed a, p, unique algebraic function Q {a,p} (x), such that these polynomials have solution the functions Q {a,p} (k r ). A very easy example to see someone is with a = 1 and p = 4. In this case all the values of A 1, 4, e
are rationals. With a simple algorithm one can see that
Hence
and by relation (6)
The continuation follows from the validity of (6) and (8) in rationals which are dense in reals. Another example is with p = 2 and a = 1/2, where we have
and is the same theta function as (16) by changing q → q 1/2 . For avoiding these cases it is useful to know that
and also that if s > 0
are equivalent.
Theorem 2.
For q = e −π √ r , r > 0, we have
3 The Algorithm
In this section we give the algorithm for finding the expression Q {a,p} k 2 r . Our method is based on interpolation. We find the minimal polynomial
with m(q) = k 
Theoretical Results and Directions
In this section we will try to characterize these functions Q {a,p} (x). For this, assume that P n is the n-th modular equation of A(a, p; q), then A(a, p; q n ) = P n (A(a, p; q))
Also assume that our conjecture (8) hold, then
By using (14), we get
we have the next
Theorem 3
If the n-th modular equation of A(a, p; q) is that of (23), then
If one manages to solve equation (25) with respect to Q {a,p} (x) for given a, p, then
and Q {a,p} (x) will be a root of a minimal polynomial of degree ν = ν(a, p, x). Note that in case of rational x ∈ (0, 1) and a, p rational with 0 < a, p, then the degree ν is independent of x and the minimal polynomial of Q {a,p} (x) will have integer coefficients.
Example.
The 2nd degree modular equation of A(1, 4; q) is
If we solve with respect to v we get v = P 2 (u), where v = A(1, 4; q 2 ) and u = A(1, 4; q). Moreover 
It is n = 2 and hold (see [9] )
Finally we get from the relation (25) of Theorem 4:
which has indeed a solution
Note.
We note that function m(q) = k 2 r is implemented in program Mathematica. However a useful expansion is
where q = e −π √ r , r > 0.
Table
Here we give a table of evaluations, which does not include Theorems 1 and 2, for certain lower values a, p of theta functions.
1.
The polynomial equation which relates u = A(8, 6; q)
The polynomial equation which relates u = A(−1, 6, q)
The polynomial equation which relates u = A(−2, 8; q)
5. 
The polynomial equation which relates u = A(1, is function of k r = m(q), since (see [14] ) (5M 5 (q) − 1)
and m ′ (q) = 1 − m(q).
For tables of singular modulus one can see [10] , [11] , [14] .
